We present a method for solving the first-order field equations in a post-Newtonian (PN) expansion. Our calculations generalize work of Bini and Damour and subsequently Kavanagh et al., to consider eccentric orbits on a Schwarzschild background. We derive expressions for the retarded metric perturbation at the location of the particle for all -modes. We find that, despite first appearances, the Regge-Wheeler gauge metric perturbation is C 0 at the particle for all . As a first use of our solutions, we compute the gauge-invariant quantity U through 4PN while simultaneously expanding in eccentricity through e 10 . By anticipating the e → 1 singular behavior at each PN order, we greatly improve the accuracy of our results for large e. We use U to find 4PN contributions to the effective one body potentialQ through e
computed the periapsis advance of eccentric orbits, another gauge invariant. The work in both Refs. [20] and [21] employed a TD code in the strong field regime. Since then, U has been thoroughly examined in the weaker field by Akcay et al. [22] using a FD code and direct analytic PN calculations through 3PN. In addition, van de Meent and Shah have computed U for equatorial orbits on a Kerr background [23] for the first time. Along with providing checks between PN and GSF, these calculations have served as important internal consistency checks for GSF, wherein U has been found in Lorenz, radiation, and Regge-Wheeler gauges.
To add to the numerical approaches merging PN and GSF, there has been ongoing analytic work. Indeed, the combined use of black hole perturbation theory and PN theory has an extensive history largely inspired by the original MST papers [10, 11] . Sago, Nakano, Hikida, Fujita (and many others), [24] [25] [26] [27] [28] [29] [30] [31] have used PN expansions to compute fluxes, waveforms and the GSF for a variety of orbits on both Schwarzschild and Kerr backgrounds. More recently, in a series of papers Bini and Damour [16, [32] [33] [34] have used these methods to analytically find local gauge invariants. They used MST to compute u t , ψ, as well as tidal invariants in the linear-in-q limit, with a focus on EOB calibration. Since then, Kavanagh et al. [35] have built upon the Bini and Damour approach and computed u t , ψ, and the tidal invariants, to 21 .5PN, the current state-of-the-art.
In this work we present a method for computing GSF quantities sourced by eccentric orbits around a Schwarzschild black hole through use of an analytic PN expansion. Our method extends the circular orbit work of [32, 35] by performing an expansion in small eccentricity at each PN order. Our calculations are performed in Regge-Wheeler [36] gauge for all ≥ 2 and make use of Zerilli's [37] analytic solutions for = 0, 1 (although with a slight gauge transformation to the monopole). We collectively refer to this as Regge-Wheeler-Zerilli (RWZ) gauge. We obtain expressions for the retarded metric perturbation (MP) and its first derivatives for modes as a function of the particle's position. Significantly, in our final expressions, we identify poles in the small-e expansion. After factoring out singular-in-e terms at each PN order, we greatly improve the accuracy of our results for large eccentricities. As a use of our solutions, we compute U , confirming the numeric 4PN predictions of Ref. [23] and provide new PN parameters for 4PN coefficients through e 10 . We note similar concurrent work [38] of Bini et al. [39] , who worked to 6.5PN and e 2 . The paper is arranged as follows. In Sec. II we give an overview of eccentric orbits on a Schwarzschild background and our FD method for solving the first-order field equations sourced by such orbits. In Sec. III we demonstrate our method for finding analytic expressions for the retarded MP in a double PN/small-eccentricity expansion. Sec. IV discusses the details of the gauge invariant we compute. Sec. V gives results for both the MP itself, as well as U , showing the merits of our re-summation of the small-e series. We finish with a brief discussion in Sec. VI. Our Appendix provides details on our low-order modes and U written in a slightly different form, for comparison purposes.
Throughout, we use the (−, +, +, +) metric signature and set c = G = 1, (although we briefly use η = c −1 for PN power counting). Lowercase Greek indices run over Schwarzschild coordinates, t, r, θ, ϕ. We make use of the Martel and Poisson [40] M 2 × S 2 decomposition. Following their notation, lowercase Latin indices indicate t or r while uppercase Latin indices are either θ or ϕ.
II. INHOMOGENEOUS SOLUTIONS TO THE FIRST-ORDER FIELD EQUATIONS IN RWZ GAUGE
In this section we cover our method for solving the RWZ-gauge first-order field equations in the FD, taking the source to be a point particle in eccentric orbit. With the exception of a brief discussion of the singular structure of RWZ gauge at the end of this section, we follow closely the more detailed presentation of Ref. [41] . We will work in Schwarzschild coordinates where the metric takes the standard form,
with f ≡ 1 − 2M/r.
A. Bound orbits on a Schwarzschild background
Let a small body, or particle, of mass µ orbit a static black hole of mass M , assuming q ≡ µ/M 1. We parametrize the particle's background geodesic by proper time τ , writing
Here and subsequently we use the subscript p to indicate a quantity evaluated on the worldline. Note that by choosing θ p = π/2 we have confined the particle to the equatorial plane with no loss of generality. Differentiating x p yields the four velocity
where we have defined the two constants of motion, the specific energy E and specific angular momentum L. The constraint u α u α = −1 implies the following relation,
where a dot indicates a coordinate time derivative. Any geodesic on a Schwarzschild background can be parametrized using E and L. For bound, eccentric motion, however, it is convenient to instead use the (dimensionless) semi-latus rectum p and the eccentricity e (see [42, 43] ). These two pairs of parameters are related by
Bound orbits satisfy the inequality p > 6 + 2e [42] . Using the p, e parametrization, the radial position of the particle is given as a function of Darwin's [44] relativistic anomaly χ,
As χ runs from 0 → 2π, the particle travels one radial libration, starting at periapsis. The quantities τ p , t p , and ϕ p are found by solving first-order differential equations in χ,
(1 + e cos χ) 2
There is an analytic solution for ϕ p ,
where F (x|m) is the incomplete elliptic integral of the first kind [45] . Note that there also exists a more extensive semi-analytic solution for t p [46] , though we do not provide it here. Eccentric orbits have two fundamental frequencies. The libration between periapsis and apoapsis is described by
Meanwhile, the average rate of azimuthal advance over one radial period is
with K(m) being the complete elliptic integral of the first kind [45] . The two frequencies Ω r and Ω ϕ are only equal in the Newtonian limit.
B. Solutions to the time domain master equation
In RWZ gauge the field equations for the MP amplitudes can be reduced to a single wave equation for each m mode. The equation is satisfied by a parity-dependent master function from which the MP amplitudes can be readily recovered. When + m is odd, we use the Cunningham-Price-Moncrief (CPM) function, Ψ o m , and when + m is even, we use the Zerilli-Moncrief (ZM) function, Ψ e m . In the remainder of this subsection we will use Ψ m with no superscript to refer to either the ZM or CPM variable. In each case the master equation has the form 10) where both the potential V and the source term S m are parity-dependent. The variable r * = r + 2M log(r/2M − 1) is the standard tortoise coordinate. The source term S m is of the form 11) where the coefficients G m are F m are smooth functions. While it is certainly possible to solve Eqn. (2.10) directly in the TD, at present we are interested in a FD approach. As such, we decompose both Ψ m and S m in Fourier series as
In these expressions, the frequency ω ≡ ω mn = mΩ ϕ + nΩ r , which follows from the bi-periodic source. Note that we use the notation X mn ≡ X mωmn . The Fourier series coefficients are found as usual by,
Combining Eqns. (2.10) and (2.12) yields the FD master equation,
This equation has two causal homogeneous solutions. At spatial infinity the "up" solutionX + mn trends to e iωr * . As r * → −∞ at the horizon, the "in" solutionX − mn trends to e −iωr * . Here we use a hat to emphasize that these are unnormalized homogeneous solutions.
With a causal pair of linearly independent solutions, one would normally find the particular solution to Eqn. (2.14) through the method of variation of parameters. However, in this case, the singular source (2.11) leads to a Gibbs phenomenon which spoils the exponential convergence when forming Ψ m in Eqn. (2.12) . It is now standard to use the method of extended homogeneous solutions (EHS) [41, 47] to obtain exponential convergence of Ψ m and all its derivatives at all locations, including the particle's. The method is covered extensively elsewhere, and so we simply recount the procedure here.
We start by performing a convolution integral between the homogeneous solutions and the FD source, which yields normalization coefficients, 15) where W mn is the (constant in r) Wronskian
Note that the integral (2.15) is formally over all r, but we write it here as limited to the libration range r min ≤ r ≤ r max , since outside that region Z mn = 0. We next form the FD EHS, 17) and subsequently define the TD EHS,
The TD EHS are formed from a set of smooth functions and therefore the sum (2.18) is exponentially convergent for all r > 2M , and all t. Finally, the particular solution to Eqn. (2.10) is of the weak form 19) where θ is the Heaviside distribution.
C. Metric perturbation reconstruction
The even-parity MP amplitudes are reconstructed from the ZM master function via the relations 20) where Λ(r) ≡ λ + 3M/r, λ ≡ ( + 2) ( − 1) /2, and
The odd-parity MP amplitudes are be reconstructed from the CPM variable,
In these expressions we have included ± superscripts to indicate that MP amplitudes can be reconstructed on either the left or right side of the particle. At last, the retarded MP (which we write as p µν ) can be synthesized by multiplying by spherical harmonics and summing over m modes. Our particular harmonic decomposition is due to Martel and Poisson [40] . The spherical harmonics used below (even-parity scalar Y m and odd-parity vector X m B ), along with the two-sphere metric (Ω AB ), can be found in that reference. Lowercase Latin indices run over t and r while uppercase Latin indices run over θ and ϕ. To emphasize a point about the singular nature of RWZ gauge, we perform the sum over spherical harmonics in two stages. First, we form the m contribution to each MP component (see Ref. [41] ),
These expressions are written as weak solutions in terms of the Heaviside and Dirac distributions θ and δ, which depend on z ≡ r − r p (t). Note that in general the Martel-Poisson decomposition also includes scalar amplitudes j m a , G m , and h m 2 , but these are set to zero in RWZ gauge. The expressions in Eqn. (2.23) suggest that the RWZ gauge retarded MP, is not only discontinuous at the location of the particle, but actually proportional to the Dirac delta function for certain components. Moreover, this singularity is spread over a two-sphere of radius r = r p (t). However, we find that, at least at the particle's location, this is in fact not true. Indeed, setting θ = θ p (t) = π/2, ϕ = ϕ p (t) and summing the expressions (2.23) over m exactly cancels out the delta functions, and the remaining amplitudes are actually continuous at r = r p for all ≥ 2. Thus, we write
and a single-valued RHS becomes a check on all calculations. The full retarded MP is then a simple sum over all ,
Zerilli's analytic = 0, 1 solutions are given in App. A.
III. POST-NEWTONIAN SOLUTIONS
We now present our method for finding the retarded MP induced by a particle in eccentric motion about a Schwarzschild black hole. We combine the formalism of the previous section with PN expansions of all relevant quantities. Our final results, given in Sec. V, include expansions to 4PN (that is, 4 terms beyond leading order). At each PN order we expand to 10th order in eccentricity. For the purposes of pedagogy and space, however, in this section we keep only two PN orders and (where necessary) two terms in the small-e expansion. Our final solutions will give the MP at the location of the particle for each -mode, as in Eqn. (2.24) . Note that the presentation from Sec. III B onward is only relevant to modes ≥ 2.
A. Post-Newtonian expansions of orbit quantities
Position-independent orbit quantities
We take as our PN expansion parameter the inverse of the dimensionless semi-latus rectum p. Assuming it to be small, we expand dt p /dχ from Eqn. (2.6). Inserting the resulting expansion in Eqn. (2.8) we integrate order-by-order and find
Expanding Eqn. (2.9) in the same limit gives
As expected Ω r = Ω ϕ at Newtonian order. We now introduce the dimensionless gauge invariant PN parameter y,
Combining Eqns. (3.2) and (3.3) we find a PN expansion for y in terms of p. We invert the expansion to get p in terms of y
This allows us to obtain expansions for both Ω r and Ω ϕ in powers of y,
Note that the Ω ϕ expression is exact due to the definition of y. With the above expressions, we are able to find PN expansions of all orbit quantities in terms of y. The specific energy and angular momentum follow from Eqn. (2.4),
Later, we will also need the radial period as measured in coordinate time [Eqn. (2.8)] and proper time (found by integrating dτ p /dχ from 0 − 2π). They are, respectively
2. Position-dependent orbit quantities
We now expand quantities that vary along the worldline as functions of the relativistic anomaly χ. We start with the radial position r p , first expanding in the PN parameter y, and then at each PN order we expand in eccentricity e. The resulting double expansion (here keeping only the first two non-zero orders in each y and e) is
Next, consider the ϕ p (t) motion, which can be decomposed into two parts as [47] 
The first term represents the mean azimuthal advance, while the second term is periodic in T r . In our expansions we avoid ever using Ω ϕ t explicitly, and work only with the ∆ϕ. This is convenient because terms involving Ω ϕ t can lead linear-in-χ terms. For example, notice that after leading order in y, e imΩϕt is not strictly oscillatory,
(3.10)
On the other hand, e inΩrt is oscillatory for all PN orders,
This qualitative difference between the fundamental frequencies can be traced back to the fact that Ω ϕ is a "rotationtype" frequency describing average accumulation of phase while Ω r is a "libration-type" frequency describing periodic motion in r. Since ∆ϕ is periodic in T r we find that its expansion is free of linear-in-χ terms,
Lastly, because they will be useful later, we also note the expansions
(3.13)
B. Frequency domain homogeneous solutions
We now derive expressions for the unnormalized FD master function evaluated, at the particle's location. We start with homogeneous solutions to the odd-parity master equation of the form derived in Refs. [32, 35] . These solutions are written as a double expansion in small frequency and large r using the dimensionless expansion parameters 14) which are assumed to be the same order of magnitude. Note that we choose the symbols X 1 and X 2 rather than the standard X 1 and X 2 to avoid confusion with the FD master function. Written in terms of these variables, the = 2 homogeneous solutions to the odd-parity master equation arê 16) which is true to all PN orders. We compute r derivatives with the relation
Then, the even-parity = 2 homogeneous solutions arê
For the remainder of this presentation we focus on the specific example of infinity-side, odd-parity. The even-parity and horizon-side calculations, as well as those for the r-derivatives of the master function, follow from an equivalent procedure. We are interested in evaluating the homogeneous solutions at the location of the particle. Plugging in Eqn. (3.19) In this expression ω and r p are valid to all PN orders. To make further progress, we now expand ω and r p in both the PN parameter y and the eccentricity e. The double expansion of ω (again keeping only the first two non-zero orders in y and e) is This expression, while a function of χ, which tracks the particle, is still just a homogeneous solution to the FD master equation. Note that Eqn. (3.21) is specific to = 2, but is valid for m = ±1 and any n (though we will see that a finite e expansion limits the number of relevant harmonics n).
C. Frequency domain extended homogeneous solutions
Our next step is to find normalization coefficients so that we can form the FD EHS, as in Eqn. (2.17). In Eqn. (2.15) we wrote an expression for C ± mn that depends on a generic source bounded between r min and r max . We now specify to the form given in Eqn. (2.11) . It can be shown [41] that such a source, when combined with Eqn. (2.13), leads to a normalization integral of the form
The terms G m and F m arise from taking spherical harmonic projections of the point particle's stress energy tensor, and as such, each carries a factor of e −imϕp(t) . Noting Eqn. (3.9), it is useful to remove the e −imΩϕt contribution from G m and F m by defining [49] 
which are T r -periodic. The e −imΩϕt term cancels with a compensating term in the e iωt of Eqn. (3.22) . Thus, changing the integration variable to χ, we are left with 24) and all terms in the integrand are now 2π-periodic (when considered as functions of χ). Generally, we compute the integral (3.24) numerically. In the PN/small-eccentricity regime, however, we are able to perform the integral analytically -by-. In previous subsections, we have already computed PN expansions ofX ∓ mn , r p , dt p /dχ, and e inΩrt . The f p terms follow naturally from the r p expansion. What remains is the expansion ofḠ m andF m .
In the odd-parity sector we have
The terms X m, * ϕ and X m, * ϕϕ are complex conjugates of odd-parity vector and tensor spherical harmonics, evaluated on the worldline. See Ref. [41] for details. We now insert the various expansions we have already computed, as usual only keeping two terms in each y and e. The resulting 2π-periodic expressions arē Having expanded all the relevant quantities, we are now in a position to perform the integral (3.24) analytically order-by-order. The integral itself is straightforward; we encounter nothing more than complex exponentials. The resulting normalization coefficient is 
Note that there are several terms in this expression which appear at first glance to diverge for integer values of n, but all values are finite in the limit. With the normalization coefficients in hand, the FD EHS are just the product of X ± mn and C ± mn as shown in Eqn. (2.17), We are now in a position to return to the TD by summing over harmonics n, as in Eqn. (2.18). Since we have performed the e-expansion to a finite order, the sum (2.18) actually truncates. We find that if we compute the FD EHS with eccentricity contributions up to e N , then the only non-zero terms in Eqn. (2.18) are in the range −N ≤ n ≤ N . Another wrinkle comes into play at this stage. The full TD EHS are formed from a sum involving e −iωt = e −i(mΩϕ+nΩr)t . As discussed in Sec. III A, however, the factor e −imΩϕt is not purely oscillatory when expanded in y and e. It is therefore more useful to form the quantitȳ
Contrary to Ψ ± m ,Ψ ± m is purely periodic in χ, with no linear terms. This leads one to ask: don't we need that e −imΩϕt term? Surprisingly, the answer is no, at least when computing local quantities. The reason is that whenever we want to compute anything physically relevant, like the GSF, we have to multiply by spherical harmonics and sum over the m modes. The spherical harmonics carry an exactly compensating term e imΩϕt which cancels this piece out. We have been considering the example of odd-parity, = 2 expanded to include two powers of y and e. We can formΨ o,± 2m by summing over n = −1, 0, 1, and so we find Note that we need only perform the calculation once for each mode. Therefore, this expression is valid for all −2 ≤ m ≤ 2 (although in this case we are only interested in m = ±1, of course).
E. Metric perturbation reconstruction
We now wish to use the master function to reconstruct the retarded MP at the location of the particle. We first form the MP amplitudes, and then sum over spherical harmonics to form the full MP. Expressions for the MP amplitudes are given earlier in Eqns. (2.20) 
Note the subscript p on all r-dependent quantities indicating evaluation at r = r p (χ). Be aware that the functional-χ notation that we use is shorthand for, e.g.Ψ Returning to our ongoing example, we can form the odd-parity, ( , m) = (2, 1) contribution to the t, ϕ and r, ϕ MP components. Note that the t, θ and r, θ components vanish. Using our expression from Eqn. (3.30) Finally, we sum over m-modes. In practice we do this by taking twice the real part of each non-zero m-mode and adding to the m = 0 mode. As mentioned in Sec. II, while RWZ gauge is known to have discontinuous MP amplitudes for each m mode, we find that these discontinuities cancel out after summing over m-modes. In fact, using the expressions in Ref. [41] , we find that the Dirac delta behavior of the MP amplitudes also cancels out, so that RWZ gauge is C 0 for all ≥ 2. For the specific example of = 2, we find the t, ϕ and r, ϕ components of the MP to be
(3.36)
In the previous subsections, we used the example of = 2 and odd-parity to show how we construct retarded solutions to each MP component for that specific -mode. Our example only showed an expansion through 1PN. In reality, for such a low-order expansion, we need not specify an explicit value. In fact, through 2PN we can write down solutions for arbitrary ≥ 2. For the purposes of this work, wherein we expand to 4PN, we calculated explicit solutions for all modes ≤ 3. For all higher modes we use generic-expressions. These expressions follow from a nearly identical calculation to the specific-case. In fact, it is only the homogeneous solutions that are different. We give an abbreviated overview of the procedure.
In the odd parity, through 1PN the homogeneous solutions are of the form [32, 35] 
(3.37)
Note that when = 2, these reduce to the expressions in Eqn. (3.15) . We take these expressions, evaluate them along the particle's worldline, then normalize them by performing the integral (3.24). For the even parity, the procedure is equivalent, after using Eqn. (3.16) to form the homogeneous solutions. Critically, during the entire calculation we keep the leading term [either η 2 X 1 or η 2 X 1 − −1 ] factored out of the PN expansion. This term eventually cancels out once the FD EHS are formed. Following the procedure through, we find that the infinity-side odd-parity master function, is . Again, this reduces to the specific expression given in Eqn. (3.30) when = 2. We use the master function expressions to form the MP contributions for each m mode. In order to perform the m sum for generic , we make use of the App. F procedure of Nakano et al. [25] . .
As before, we find the MP to be single valued for each . Taking into account three different cases: low-order modes (App. A), specific-values (in our case = 2, 3), and generic-for all the rest, the full retarded MP is formed from a simple sum over ,
G. Re-summation of the small eccentricity expansions
For our work here, we used Mathematica to expand all quantities in the small-e limit, keeping powers up to e 10 . As eccentricity order increases, the task of simplifying large expressions requires substantial computational resources. Indeed, finding the generic-even-parity normalization coefficient (our most taxing calculation) took some 10 days and 20 GB of memory. Nonetheless, the virtue of this approach is that we need only perform that calculation once at each . Still, with such computational overhead, the question remains: can this approach be useful when considering high-eccentricity orbits? Inspired by recent work of Forseth et al. [50] (see also Ref. [51] ), we have sought to "re-sum" our final results at each PN order so as to capture the e → 1 behavior. (We note also that it is likely possible, and perhaps simpler, to achieve the same result by expanding in p −1 instead of y [52, 53] It is a relatively simple task to guess that this series is probably the small-e expansion of
A similar analysis of our generic-solutions provided closed-form expressions for all the 0PN and 1PN retarded MP components. Beyond 1PN, finding closed-form solutions becomes harder. Examining the PN literature on eccentric orbits (see, e.g. Eqn. (356) of Blanchet's Living Review [54] ), it is clear that starting at 2PN the e → 1 singular behavior becomes more subtle than some simple inverse factor of 1 − e 2 . And yet, as a first approximation, factoring out the appropriate leading power of 1 − e 2 at each PN order [each order comes with an additional factor of (1 − e 2 ) −1 ], yields dramatically improved convergence for high eccentricities.
We note, of course, that our inability to find closed-form expressions beyond 1PN does not imply their non-existence. Indeed, from standard PN calculations, the metric of two bodies in eccentric motion is known through 3PN with arbitrary mass-ratios. See, Ref. [22] and references therein where the metric is given in standard harmonic coordinates.
Here we simply present the results we were able to deduce by re-summing our small-eccentricity expansion, and without making use of known results from other research.
IV. THE GENERALIZED REDSHIFT INVARIANT
Before continuing to our results, we introduce the specific gauge invariant that we will compute. We first briefly cover some GSF background and then give the exact expression we use in our calculations. be truncated) have been computed by Heffernan et al. [57] . But, for our purposes, where we know all , we only need the leading-order term,
The 
For our present calculation, it is a simple task to use our expansions for r p and L and obtain a PN expansion for H [0] . Both p µν u µ u ν and H [0] are then averaged over one τ -period with the use of the PN expansion for dτ p /dχ from Eqn. (2.6), thus forming p µν u µ u ν and H [0] , and forming all that we need for a practical calculation of U gsf . Lastly, we note that Akcay et al. [22] adjust for the non-asymptotic-flatness of the Lorenz gauge monopole by adding a correction term to Eqn. (4.3) . In App. A we show that the original RWZ monopole [37] is also not asymptotically flat, but we are able to correct that with a slight gauge transformation, and so we use Eqn. (4.3) exactly as is. However, we note that the radiative modes of RWZ gauge are not asymptotically flat [60] [61] [62] . This is curious, for, Barack and Sago established the gauge invariance of U gsf for a certain class of gauges which respect the periodicity of the orbit and are well behaved at spatial infinity. Still, we have empirical evidence from several calculations (including this one) that RWZ gauge falls into the class of gauges for which U gsf is invariant. The question remains, why must we correct the non-asymptotic-flatness of the monopole, but not other modes? At this point the answer is not clear.
V. RESULTS
Following the procedure described above, we have used Mathematica to compute the MP along with its first t and r derivatives through 4PN while keeping powers in eccentricity up to e 10 . Our PN order required us to compute solutions to the modes = 2 and = 3 explicitly, while all higher modes are described by a general-expression.
For each specific-, as well as the generic-case, we performed the calculation for both even and odd parities, on both sides of the particle. After summing over m-modes we noticed the surprising result that RWZ gauge is in fact C 0 for each , despite being to be discontinuous with delta functions at the m level. We subsequently confirmed that this was true to all PN orders using the expressions in Ref. [41] .
We show the convergence of one of the MP components with PN order in Fig. 1 . We used a numerical code developed for recent work [50] to compute the = 2 contribution to the MP component t,ϕ at three different eccentricities. We then subtracted successive PN terms derived analytically for this work and computed the relative error. In the left column we see that even for a moderately low eccentricity of e = 0.2 the PN convergence stalls at 2PN due to the small-e expansion. At e = 0.6 the convergence stalls after the subtraction of only the 0PN term. In the right column we see that factoring out the e → 1 singular behavior greatly improves the convergence. Note that at e = 0.6 the convergence still appears to stall around 3PN. In order to probe such eccentricities at the 4PN level, we will evidently need more than 10 powers of e, or perhaps a more precise capturing of the e → 1 singular behavior for 2PN and beyond.
We now provide our results for the invariant U gsf , computed using the procedure described in Sec. IV. The specific expression is given below in Eqn. (5.1) (γ is the Euler-Mascheroni constant). We performed the regularization in two ways so as to check our removal of the singular field. First, we fit out the constant-with-term by taking the largelimit of our generic-expressions. That fit-out regularization parameter exactly agreed with the proper time average of H [0] when expanded in y and e. Using Mathematica we are able to take the sum all the way to infinity, and thus have no error due to truncation.
We have compared our expression to the published 3PN values of Akcay et al. [22] , which were computed by starting in standard harmonic coordinates. That reference also provides numerical data for U gsf , computed in Lorenz gauge, which we compare to in Fig. 2 . The recent RWZ gauge work by Bini et al. [39] , provides an analytic 4PN, O e 2 value of U gsf , which we agree with as well. Lastly, van de Meent and Shah [23] , who work in radiation gauge, provide numerical predictions for 4PN terms through e 6 and we agree with all of their values within the provided error bars.
FIG. 1.
The effect of re-summing the small-e expansion at each PN order as seen by comparing to numerical data, all computed at p = 1000. We see that especially as eccentricity increases, our re-summation greatly improves convergence. Also, note the consistency of our convergence throughout the orbit. Our results are no less effective at periapsis than apoapsis. The dips in the residuals are from zero crossings, and not meaningful. See the discussion in the text for more details. Table II of Akcay et al. [22] . Dots are numerical values and lines are our analytic calculations. The top row is log 10 of the absolute value of the full U gsf . Successive rows show residuals after subtracting each term in the PN series. The consistency of our agreement out to e = 0.4 is only possible because of our re-summation of the small-e expansion. Unevenness of the final residuals for p = 100 is likely a numerical artifact.
FIG. 2. Comparison of our PN expressions with numerical data from
U gsf = −y − 2 1 − 2e [63] . We then followed the prescription of Le Tiec to derive transcription equations equivalent to his (5.27) for e 6 , e 8 , and e 10 . With these, we confirmed the u 2 (n · p ) 6 coefficient (the e 6 term) of q, given in Ref. [63] . The last two terms in Eqn. (5.2) are previously unknown coefficients, corresponding to e 8 and e 10 at 4PN.
VI. CONCLUSIONS AND OUTLOOK
We have presented a method for solving the first-order field equations in a PN/small-eccentricity expansion when the source is a point particle in bound motion on a Schwarzschild background. In this work we have kept terms through 4PN and e 10 , but our method will extend naturally to higher orders. Important to the effectiveness of our results was the re-summing of the e-series at each PN order. Our method lends itself to many further calculations of eccentric orbit invariants. Since we already have computed derivatives of the MP (though they were not used in computing U here), a natural next step is to compute an eccentric orbit generalization of the spin-invariant ψ [15] .
Moving beyond Schwarzschild to Kerr is a more challenging task. The analytic merger of PN theory with black hole perturbation theory on Kerr has a long history (e.g., [28, 31] ), though the focus has typically been on fluxes and nonlocal dissipative GSF. The reason is largely due to the challenge of reconstructing the radiation-gauge MP from the Teukolsky variable. Recent work by Pound et al. [65] has helped to clarify the subtleties of the process, and it may now be possible to extend our method to compute the Kerr MP, although the task is formidable.
